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CN ■ Abstract 



Multi-party local quantum operations with shared quantum entanglement or shared classical random- 
ness are studied. The following facts are established: 

• There is a ball of local operations with shared randomness lying within the space spanned by the 
no-signaling operations and centred at the completely noisy channel. 

• The existence of the ball of local operations with shared randomness is employed to prove that the 
Q^' weak membership problem for local operations with shared entanglement is strongly NP-hard. 

• Local operations with shared entanglement are characterized in terms of linear functionals that are 
^ I "completely" positive on a certain cone K of separable Hermitian operators, under a natural notion 
^ ■ of complete positivity appropriate to that cone. Local operations with shared randomness (but not 

entanglement) are also characterized in terms of linear functionals that are merely positive on that 
same cone K. 



OO 



CO ■ • Existing characterizations of no-signaling operations are generalized to the multi-party setting and 

^ I recast in terms of the Choi-Jamiolkowski representation for quantum super-operators. It is noted 

that the standard nonlocal box is an example of a no-signaling operation that is separable, yet 
cannot be implemented by local operations with shared entanglement. 



o 

(N 

^ ! 1 Introduction 

OO 

O ■ A quantum operation that maps a finite-dimensional bipartite quantum input system Xi X2 to another 
finite-dimensional bipartite quantum output system ^1 ^2 is a local operation with shared entanglement 

\ (LOSE) if it can be approximated to arbitrary precision by quantum operations A for which there exists a 

j_j ■ fixed quantum state a and quantum operations ^'i , \I'2 such that the action of A on each input state p is given 



by 

A(/j) = (^-1 (g) ^'2) (p® 0-). 

Specifically, cr is a state of some finite-dimensional bipartite quantum auxiliary system £1 £2 and the 
quantum operations map the system Xi £i to the system Ai for each i = 1,2. This arrangement is 
illustrated in Figured] 

Intuitively, the two operations ^'i, ^'2 represent the actions of two distinct parties who cannot commu- 
nicate once they receive their portions of the input state p. The parties can, however, arrange ahead of time 
to share distinct portions of some distinguished auxiliary state a. This state — and any entanglement con- 
tained therein — may be used by the parties to correlate their separate operations on p. This notion is easily 
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Figure 1: A two-party local quantum operation A with shared entanglement or randomness. The local 
operations are represented by ^'i, ^'2; the shared entanglement or randomness by a. 



generalized to a multi-party setting and the results presented herein extend to this generalized setting with 
minimal complication. 

LOSE operations are of particular interest in the quantum information community in part because any 
physical operation jointly implemented by spatially separated parties who obey both quantum mechanics and 
relativistic causality must necessarily be of this form. Moreover, it is notoriously difficult to say anything 
meaningful about this class of operations, despite its simple definition. 

One source of such difficulty stems from the fact that there exist two-party LOSE operations with the fas- 
cinating property that they cannot be implemented with any finite amount of shared entanglement IILTW08II . 
(Hence the allowance for arbitrarily close approximations in the preceding definition of LOSE operations.) 
This difficulty has manifested itself quite prominently in the study of two-player co-operative games: clas- 
sical games characterize Npfl whereas quantum games with shared entanglement are not even known to be 
computable. Within the context of these games, interest has focussed largely on special cases of LOSE op- 
erations I KMOBl ICHTW041 IWeh06[ ICSUU071 ICGJ07 . KRT08 .1 . but progress has been made recently in the 
general case llKKM+07l IKKMV081 iLTWOSl IDLTW081 INPA081 . In the physics literature, LOSE operations 
are often discussed in the context of no-signaling operations IIB GNPO 1 1 lES W02l IPHHHd6l . 

In the present paper some light is shed on the general class of multi-party LOSE operations, as well 
as sub-class of operations derived therefrom as follows: if the quantum state a shared among the different 
parties of a LOSE operation A is separable then it is easy to see that the parties could implement A using 
only shared classical randomness. Quantum operations in this sub-class are therefore called local operations 
with shared randomness (LOSR). 

Several distinct results are established in the present paper, many of which mirror some existing result 
pertaining to separable quantum states. What follows is a brief description of each result together with its 
analogue from the literature on separable states where appropriate. 

As noted in Ref . this characterization follows from the PCP Theorem |ALM+98l|AS98l . 
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Ball around the identity 

Prior work on separable quantum states. If ^ is a Hermitian operator acting on a d-dimensional bipartite 
space and whose Frobenius norm at most 1 then the perturbation / it A of the identity represents 
an (unnormaUzed) bipartite separable quantum state. In other words, there is a ball of (normalized) 
bipartite separable states with radius ^ in Frobenius norm centred at the completely mixed state ^/ 
IIGur02[lGg02l . 

A similar ball exists in the multipartite case, but with smaller radius. In particular, there is a ball 
of m-partite separable d-dimensional states with radius 17 (2^*"/^^^^) in Frobenius norm centred 
at the completely mixed state IIGB03II . Subsequent results offer some improvements on this radius 
llSza05llGB05..Hil05l . 

Present work on local quantum operations. Analogous results are proven in Sections[2]and[3]for multi-party 
LOSE and LOSR operations. Specifically, if yl is a Hermitian operator acting on a n-dimensional m- 
partite space and whose Frobenius norm scales as O (2~"^n~^/^) then /it A is the Choi-Jamiolkowski 
representation of an (unnormalized) m-party LOSR operation. As the unnormalized completely noisy 
channel 

A : X Ti{X)I 

is the unique quantum operation whose Choi-Jamiolkowski representation equals the identity, it fol- 
lows that there is a ball of m-party LOSR operations (and hence also of LOSE operations) with radius 
Q. (2^'"n^^/^(i^^) in Frobenius norm centred at the completely noisy channel ^A. (Here the nor- 
malization factor d is the dimension of the output system.) 

The perturbation A must lie in the space spanned by Choi-Jamiolkowski representations of the no- 
signaling operations. Conceptual implications of this technicality are discussed in Remark 14.31 of 
Section [3l No-signaling operations are discussed in the present paper, as summarized below. 

Comparison of proof techniques. Existence of this ball of LOSR operations is established via elementary 
linear algebra. By contrast, existence of the ball of separable states was originally established via a 
delicate combination of (i) the fundamental characterizations of separable states in terms of positive 
super-operators (described in more detail below), together with (ii) nontrivial norm inequalities for 
these super-operators. 

Moreover, the techniques presented herein for LOSR operations are of sufficient generality to im- 
mediately imply a ball of separable states without the need for the aforementioned characterizations 
or their accompanying norm inequalities. This simplification comes in spite of the inherently more 
complicated nature of LOSR operations as compared to separable states. It should be noted, however, 
that the ball of separable states implied by the present work is smaller than the ball established in prior 
work by a factor of 2~™/2(i-3/2 

Weak membership problems are NP-hard 

Prior work on separable quantum states. The weak membership problem asks, 

"Given a description of a quantum state p and an accuracy parameter e, is p within distance 
e of a separable state?" 
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This problem was proven strongly NP-complete under oracle (Cook) reductions by Gharibian IIGhaOSI . 
who built upon the work of Gurvits IIGur02l and Liu ULiuOTII . In this context, "strongly NP-complete" 
means that the problem remains NP-complete even when the accuracy parameter e = 1/s is given in 
unary as I''. 

NP-completeness of the weak membership problem was originally established by Gurvits IIGur02ll . 
The proof consists of a NP-completeness result for the weak validity problem — a decision version 
of linear optimization over separable states — followed by an application of the Yudin-Nemirovskii 
Theorem IIYN761 IGLS88I . which provides an oracle-polynomial-time reduction from weak validity 
to weak membership for general convex sets. 

As a precondition of the Theorem, the convex set in question — in this case, the set of separable 
quantum states — must contain a reasonably-sized ball. In particular, this NP-completeness result 
relies crucially upon the existence of the aforementioned ball of separable quantum states. 

For strong NP-completeness, it is necessary to employ a specialized "approximate" version of the 
Yudin-Nemirovskii Theorem due to Liu ULiuO?! Theorem 2.3]. 

Present work on local quantum operations. In Section |4] it is proved that the weak membership problems 
for LOSE and LOSR operations are both strongly NP-hard under oracle reductions. The result for 
LOSR operations follows trivially from Gharibian (just take the input spaces to be empty), but it is 
unclear how to obtain the result for LOSE operations without invoking the contributions of the present 
paper. 

The proof begins by observing that the weak validity problem for LOSE operations is merely a two- 
player quantum game in disguise and hence is strongly NP-hard [KKM+07 |. The hardness result 
for the weak membership problem is then obtained via a Gurvits-Gharibian-style application of Liu's 
version of the Yudin-Nemirovskii Theorem, which of course depends upon the existence of the ball 
revealed in Section [3] 

Characterization in terms of positive super-operators 

Prior work on separable quantum states. A quantum state p of a bipartite system Xi ^ X2 is separable if 
and only if the operator 

is positive semidefinite whenever the super-operator $ is positive. This fundamental fact was first 
proven in 1996 by Horodecki et al. ||HHH96i 

The multipartite case reduces inductively to the bipartite case: the state p of an m-partite system is 
separable if and only if ($ ® 1) (p) is positive semidefinite whenever the super-operator $ is positive 
on (m — 1) -partite separable operators IIHHHOll . 

Present work on local quantum operations. In Section [5] it is proved that a multi -party quantum operation 
A is a LOSE operation if and only if 

^(J(A)) > 

whenever the linear functional 99 is "completely" positive on a certain cone of separable Hermitian 
operators, under a natural notion of complete positivity appropriate to that cone. A characterization of 
LOSR operations is obtained by replacing complete positivity of (/? with mere positivity on that same 
cone. Here J(A) denotes the Choi-Jamiolkowski representation of the super-operator A. 
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The characterizations presented in Section |5] do not rely upon discussion in previous sections. This 
independence contrasts favourably with prior work on separable quantum states, wherein the existence 
of the ball around the completely mixed state (and the subsequent NP-hardness result) relied crucially 
upon the characterization of separable states in terms of positive super-operators. 

No-signaling operations 

A quantum operation is no-signaling if it cannot be used by spatially separated parties to violate relativistic 
causality. By definition, every LOSE operation is a no-signaling operation. Moreover, there exist no- 
signaling operations that are not LOSE operations. Indeed, it is noted in Section [6] that the standard nonlocal 
box of Popescu and Rohrlich ||PR94i is an example of a no-signaling operation that is separable (in the sense 
of Rains IIRai97l ). yet it is not a LOSE operation. 

Two characterizations of no-signaling operations are also discussed in Section|6l These characterizations 
were first established somewhat implicitly for the bipartite case in Beckman et al. P BGNPOll . The present 
paper generalizes these characterizations to the multi-party setting and recasts them in terms of the Choi- 
Jamiolkowski representation for quantum super-operators. 

Open problems 

Several interesting open problems are brought to light by the present work. These problems are discussed 
in Section |7J 

2 General Results on Separable Operators 

It is not difficult to see that a quantum operation is a LOSR operation if and only if it can be written as a 
convex combination of product quantum operations of the form <I>i (g) $2- (This observation is proven in 
Proposition [3] of Section [l!2l ) In order to be quantum operations, the super-operators must be com- 

pletely positive and trace-preserving. In terms of Choi-Jamiolkowski representations, complete positivity 
holds if and only if the operators J(^i), J{^2) are positive semidefinite. The trace-preserving condition is 
characterized by simple linear constraints on J(<&i), J(<&2)> the details of which are deferred until Section 
[3] It suffices for now to observe that these constraints induce subspaces Qi, Q2 of Hermitian operators 
within which J{^i), J{^2) must lie. In other words, the quantum operation A is a LOSR operation if and 
only if J(A) lies in the set 

convex-hull {X (^Y : X ^ Qi, ^ £ Q2> and X, Y are positive semidefinite} . 

As the unnormalized completely noisy channel A has J(A) = I, a ball of LOSR operations around this 
channel may be established by showing that every operator in the product space Qi (g) Q2 and close enough 
to the identity lies in the above set. Such a fact is established in the present section. Indeed, this fact is shown 
to hold not only for the specific choice Qi, Q2 of subspaces, but for every choice Si, S2 of subspaces that 
contain the identity. 

Choosing Si and S2 to be full spaces of Hermitian operators yields an alternate (and simpler) proof of the 
existence of a ball of separable quantum states surrounding the completely mixed state and, consequently, 
of the NP-completeness of separability testing. However, the ball of separable states implied by the present 
work is not as large as that exhibited by Gurvits and Bamum IIGB021IGB03II . 
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Due to the general nature of this result, discussion in this section is abstract — applications to quan- 
tum information are deferred until Section [3l The results presented herein were inspired by Chapter 2 of 
Bhatia [jBhaOTl . 



2.1 Linear Algebra: Review and Notation 

For an arbitrary operator X the standard operator norm of X is denoted ||X|| and the standard conjugate- 
transpose (or Hermitian conjugate) is denoted X* . For operators X and Y, the standard Hilbert-Schmidt 
inner product is given by 

(x,y) = Tr(x*y). 

The standard Euclidean 2-norm for vectors is also a norm on operators. It is known in this context as the 
Frobenius norm and is given by 

||x||F = ^/(x:x). 

Discussion in the present paper often involves finite sequences of operators, spaces, and so on. As such, it 
is convenient to adopt a shorthand notation for the Kronecker product of such a sequence. For example, if 
Si, ... , Sm are spaces of operators then 

Si...j = Sj (g) • • • (gi Sj 

denotes their Kronecker product for integers 1 < i < j < m. A similar notation applies to operators. 

For any space S of operators, S+ denotes the intersection of S with the positive semidefinite cone. An 
element X of the product space Si . m is said to be (Si; . . . ; Sm)-separable if X can be written as a convex 
combination of product operators of the form Pi • • • Pm where each Pi G S^ is positive semidefinite. 
The set of (Si; . . . ; Sm)-separable operators forms a cone inside (Si,,,m)^. By convention, the use of bold 
font is reserved for sets of operators. 

2.2 Hermitian Subspaces Generated by Separable Cones 

Let S be any subspace of Hermitian operators that contains the identity. The cone S+ always generates S, 
meaning that each element of S may be written as a difference of two elements of S+. As proof, choose any 
X G S and let 

2 

It is clear that X = X+ - X~ and that X^ £ S+ (using the fact that / G S.) Moreover, it holds that 
ll-'^^ II < ll-'^ll for this particular choice of X^. 

In light of this observation, one might wonder whether it could be extended in product spaces to sepa- 
rable operators. In particular, do the (Si; . . . ; Sm)-separable operators generate the product space Si,,,m? 
If so, can elements of Si...m, be generated by (Si; . . . ; Sm)-separable operators with bounded norm? The 
following theorem answers these two questions in the affirmative. 

Theorem 1. Let Si, ... , Sm be subspaces of Hermitian operators — all of which contain the identity — and 
let n = dim(Si...m,)- Then every element X G Si...m may be written X = X^ — X^ where X^ are 
{Si; ... ■,Sm)-separable with \\X^\\ < 2™-^^||X||f. 
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Proof. First, it is proven that there is an orthonormal basis B of Si . m with the property that every element 
S e B may be written E = E+ - where E^ are (Si; . . . ; Sm)-separable with \\E^ \\ < 2""-^. The 
proof is by straightforward induction on m. The base case m = 1 follows immediately from the earlier 
observation that every element X G Si is generated by some G S| with ||X=^|| < ||X||. In particular, 
any element E = E^ — E~ of any orthonormal basis of Si has \\E^\\ < < ||S||f = 1 = 2°. 

In the general case, the induction hypothesis states that there is an orthonormal basis B' of Si...m with 
the desired property. Let B^+i be any orthonormal basis of S^+i. As in the base case, each F G B^+i 
is generated by some 

^ ^m+i 11-^^ II — 11-^11 — 1- Define the orthonormal basis B of Si.,,m+i to 
consist of all product operators of the form E ® F for E ^'B' and F G B^+i- Define 

[E+ F+] + [E~ ^ F'] , 
K~ = [E+ F-] + [E~ F+] . 

It is clear that E F = — and are (Si; . . . ; Srrt+i)-separable. Moreover, 

||i^+|| < + \\E- ®F-\\ < [2""-i X 1] + [2™-^ X 1] = 2"". 

A similar computation yields \\K^ \\ < 2™, which establishes the induction. 

Now, let X G Si...m and let Xj G M be the unique coefficients of X in the aforementioned orthonormal 
basis B = {Ei, . . . , En}- Define 

j : Xj>0 j : Xj<0 

j : Xj>0 j : Xj<0 

It is clear that X = X^ — X~ and X^ are (Si; . . . ; Sm) -separable. Employing the triangle inequality and 
the vector norm inequality ||x||i < v^||x||2, it follows that 



1^+11 < 2™-i^|xj| < 2™-^^^ 



Y^\xj\^ = 2™-iv^||X||p 



A similar computation yields II X || < 2™ \/n||X||F, which completes the proof. □ 



2.3 Separable Operators as a Subtraction from the Identity 

At the beginning of Section l2!2l it was observed that || X ||/ — X lies in S^ for all X G S. One might wonder 
whether more could be expected of ||X||/ — X than mere positive semidefiniteness. For example, under 
what conditions is||X||/ — Xa(Si;...; S^) -separable operator? The following theorem provides three 
such conditions. Moreover, the central claim of this section is established by this theorem. 

Theorem 2. Let Si, ... , Sm be subspaces of Hermitian operators — all of which contain the identity — and 
let n = dim(Si...m,)- The following hold: 

1. \\P\\I-Pis{S 

!)•••) ^rn)-separable whenever P is a product operator of the form P — P\(E)' ■ '(^Pm 
where each Pi G S^. 



7 



2. [n + 1] \\Q\\I-Qis{S i; . . . ; Sm)-sepcirable whenever Q is (Si; . . . ; Sm)-separable. 

3. 2™~^-v/n [n + 1] ||X lip / — X (Si; . . . ; Sm)-separable for every X G Si...m- 

Proof. The proof of item [T] is an easy but notationally cumbersome induction on m. The base case m = 1 
was noted at the beginning of Section [Z2l For the general case, it is convenient to let Ii,,,m, Im+i, and 
Ii...m+i denote the identity elements of Si . m, Sm+i, and Si...m+i, respectively. The induction hypothesis 
states that the operator S = || -Pi...m || A...m — Pi...m is (Si; . . . ; Sm.) -separable. Just as in the base case, we 
know S' = ll-Pm+i ll^m+i — Pm+i Uss in S^_|_^. Isolating the identity elements, these expressions may be 
rewritten 

h...m = 7773 [7 [Pl...m + S] 

l...m II 

Im+l = TT^ [7 [-fm+1 + S'^^ ■ 

ll-f^m+l II 

Taking the Kronecker product of these two equalities and rearranging the terms yields 

ll^'L^m+l II h...^+l - Pl...m+1 = [Pl...m » S'] + [S ^ P^+i] + [S (g) S'] . 

The right side of this expression is clearly a (Si; . . . ; Sm_|_i)-separable operator; the proof by induction is 
complete. 

Item|2]is proved as follows. By Caratheodory's Theorem, every (Si; . . . ; Sm)-separable operator Q may 
be written as a sum of no more than n + 1 product operators. In particular, 

n+1 

Q = ^ Pi J • • • P^j 

i=i 

where each Pi j is an element of S^*". As each term in this sum is positive semidefinite, it holds that || Q || > 
II Pi J ■ ■ ■ Pm,j II for each j. Item [T] implies that the sum 

n+1 

^ II Pl,j • • • Pm,j II / - PlJ • • • (g) Pm,j 

i=i 

is also (Si; . . . ; S^) -separable. Naturally, each of the identity terms ||Pij ^ ■ ■ ■ Pm,j \\ I in this sum 
may be replaced by ||Q||/ without compromising (Si; . . . ; Sm) -separability, from which it follows that 
[n + 1]||(5||/ — Q is also (Si; . . . ; Sm) -separable. 

To prove itemO apply Theorem [T] to obtain X = X~^ — X~ where X^ are (Si; . . . ; Sm)-separable 
with \\X^\\ < 2"'-^^\\X\\f. By itemU it holds that [n + 1]||X+||/ - X+ is (Si; . . . ; Srrj)-separable, 
implying that 

I'^-^^/^ln + l]\\X\\p I - X+ 

is also (Si; . . . ; S^) -separable. To complete the proof, it suffices to note that adding X^ to this operator 
yields another (Si; ... ; Sm) -separable operator. □ 

3 Ball Around the Completely Noisy Channel 

All the technical results required to establish a ball of LOSR operations around the completely noisy channel 
were proven in Section [2] This section introduces proper formalization of the relevant notions of quantum 
information so that the existence of the ball of LOSR operations may be stated and proven rigorously. 
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3.1 Linear Algebra: More Review and More Notation 

Finite-dimensional complex Euclidean spaces C" are denoted by capital script letters such as A!, y, and Z. 
The (complex) space of linear operators A : X ^ X is denoted and H(^Y) C L(A:') denotes the 

(real) subspace of Hermitian operators within L(^). In keeping with the notational convention of Section 
|2l H+(A') C H(A') denotes the cone of positive semidefinite operators within H(Af). The identity operator 
in L(A') is denoted Ix, and the subscript is dropped whenever the space X is clear from the context. 

A super-operator is a linear operator of the form $ : ^{X) —>■ L(^). The identity super-operator from 
liiX) to itself is denoted l^t" — again, the subscript is dropped at will. A super-operator is said to be 

• positive on K if ^{X) is positive semidefinite whenever X £ K.. 

• positive if $ is positive on J1~^{X). 

• completely positive if (<I> (E) Iz) is positive for every choice of complex Euclidean space Z. 

• trace-preserving if Tr($(X)) = Tt{X) for all X. 

The Choi- Jamiolkow ski representation of a super-operator <^ : L(^) L(-4) is defined by 

dim(A') 

where {ei, . . . , e^:^^(^;^^} denotes the standard basis of X. The operator J(<&) is an element of Ij{A X). 
Indeed, the mapping J is an isomorphism between super-operators and 'L{A® X). The Choi-Jamiolkowski 
representation has several convenient properties. For example, $ is completely positive if and only if J{^) 
is positive semidefinite and <I> is trace-preserving if and only if it meets the partial trace condition 

IV^(J($)) = Ix. 

An additional property of the Choi-Jamiolkowski representation is given in Proposition [TT] of Section [5^ 

The Kronecker product shorthand notation for operators Xi,,,j and spaces Sj...j of Section|2]is extended 
in the obvious way to complex Euclidean spaces Xi j and super-operators 

3.2 Formal Definitions of LOSE and LOSR Operations 

Associated with each d-level physical system is a d-dimensional complex Euclidean space X = C^. The 
quantum state of such a system at some fixed point in time is described uniquely by a positive semidefinite 
operator p e H+(A') with Tr(p) = 1. A quantum operation is a physically realizable discrete-time mapping 
(at least in an ideal sense) that takes as input a quantum state of some system X and produces as output a 
quantum state of some system A. Every quantum operation is represented uniquely by a completely positive 
and trace-preserving super-operator $ : L(A') L(^). 

A quantum operation A : L(A'i...m) — > ^{Ai,,,m) is a m-party LOSE operation with finite entangle- 
ment if there exist complex Euclidean spaces £i,. . . ,£m, a quantum state a G H+(<Si...m), and quantum 
operations : L(Ai £i) — > L(^i) for each i = 1, . . . , m such that 

A(X) = (^i...„)(X®ct) 

for all X G L(A'i...m)- The operation A is a. finitely approximable m-party LOSE operation if it lies in the 
closure of the set of m-party LOSE operations with finite entanglement. 
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As mentioned in the introduction, the need to distinguish between LOSE operations with finite entan- 
glement and finitely approximable LOSE operations arises from the fact that there exist LOSE operations — 
such as the example appearing in Ref. ILTW08I — that cannot be implemented with any finite amount of 
shared entanglement, yet can be approximated to arbitrary precision by LOSE operations with finite entan- 
glement. 

An analytic consequence of this fact is that the set of LOSE operations with finite entanglement is not 
a closed set. Fortunately, the work of the present paper is unhindered by a more encompassing notion of 
LOSE operations that includes the closure of that set. As such, the term "LOSE operation" is used to refer to 
any finitely approximable LOSE operation; the restriction to finite entanglement is made explicit whenever 
it is required. 

An m-party LOSR operation is just a LOSE operation with finite entanglement in which the shared state 
a € H+(fi...m) is m-partite separable. (That is, the operator a is (H(<Si); . . . ; H(<£'m))-separable.) An 
equivalent definition for LOSR operations is established by the following elementary proposition. 

Proposition 3. A quantum operation A : L(^%'i...m) ^{■A.i...m) is an m-party LOSR operation if and 
only if K can be written as a convex combination of product super-operators of the form ^i,,,m where each 
$j : L(A'j) L(^j) is a quantum operation for i = I, . . . ,m. 

Proof. Let o" be a (H(<5i); . . . ; H -separable state and let : L(^j S-i) L(^i) be quantum 
operations such that A{X) = {^i...m) (X cr) for all X. Let 

n 

a = '^Pj [aij (g) • • • (g) am,j] 

be a decomposition of a into a convex combination of product states, where each aij G H+(<Sj). For each 
i and j define a quantum operation <I>j j : L(A'j) L(^j) : X i-^ "^i{X (g aij) and observe that 

n 

i=i 

Conversely, suppose that A may be decomposed into a convex combination of product quantum opera- 
tions as above. Let £i, . . . , £m be complex Euclidean spaces of dimension n and let {ej^i, . . . , ej^„} be an 
orthonormal basis of £i for each i. Let 

n 

CT = [eijelj (g) • • • em,je*^j] 

i=i 

be a (H(iSi); . . . ; H(<5m)) -separable state, let 

n 

: L{Xi Si) ^ L(A) :X^E^Y1 ^J^^iJ ' 

i=i 

be quantum operations, and observe that A{X) = (^'i...m) (AT (g a) for all X. □ 

By analogy with finitely approximable LOSE operations, one may consider finitely approximable LOSR 
operations. However, an easy application of Caratheodory's Theorem implies that any LOSR operation can 
be implemented with finite randomness in such a way that each of the spaces £i, . . . , £m has dimension 
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bounded (loosely) above by dim {'H.{Ai,,,m ^i...rri))- As suggested by this contrast, the sets of LOSE and 
LOSR operations are not equal. Indeed, while every LOSR operation is clearly a LOSE operation, much 
has been made of the fact that there exist LOSE operations that are not LOSR operations — this is quantum 
nonlocality. 

3.3 Ball of LOSR Operations Around the Completely Noisy Channel 

In the preliminary discussion of Section |2]it was informally argued that there exist subspaces Qi, . . . , 
of Hermitian operators with the property that a quantum operation A is a LOSR operation if and only if 
J(A) is (Qi; . . . ; Qm) -separable. It was then established via Theorem |2] that any operator in the product 
space Qi...m and close enough to the identity is necessarily a (Qi; . . . ; Qm)-separable operator, implying 
the existence of a ball of LOSR operations around the completely noisy channel. This last implication is 
addressed in Remark |4~T] below — for now, it remains only to identify the subspaces Qi, . . . , Qm- 

Toward that end, recall from Proposition |3] that a quantum operation A : L(^%'i,, m) —>■ Ij{Ai,,,m) is a 
LOSR operation if and only if it can be written as a convex combination of product super-operators of the 
form <&i...m- Here each <I>j : L(A'j) — > Ij{Ai) is a quantum operation, so that J{^i) is positive semidefinite 
and satisfies Tr^^(J(<I>j)) = /^.. The set of all operators X obeying the inhomogeneous linear condition 
Tr_4. (X) = Ix^ is not a vector space. But this set is easily extended to a unique smallest vector space by 
including its closure under multiplication by real scalars, and it shall soon become apparent that doing so 
poses no additional difficulty. 

With this idea in mind, let 

Qi = {X G H(A ® 'Vr) ■■ Tr^.(^) = A/a', for some A G M} 

denote the subspace of operators X = J(<I>) for which ^ : L(A'j) L(^i) is a trace-preserving super- 
operator, or a scalar multiple thereof. Clearly, J(A) is (Qi; . . . ; Qm)-separable whenever A is a LOSR 
operation. Conversely, it is a simple exercise to verify that any quantum operation A for which J(A) is 
(Qi; . . . ; Qm)-separable is necessarily a LOSR operation. 

Letting n = dim(Qi...m) and k = ^/n\n + 1], Theorem |2] states that the operator fc||A||F/ — A 
is (Qi; . . . ; Qm)-separable for all A G Qi...m- In particular, / — ^ is (Qi; . . . ; Qm)-separable whenever 
II^IIf < \- The following theorem is now proved. 

Theorem 4 (Ball around the completely noisy channel). Suppose A G Qi...m satisfies \\A\\f < i. Then 
I - A = J(A) where A : L{Xi,„rn) ^ M-^i- 

fyi) is an unnormalized LOSR operation. 

Remark 4.1. As mentioned in the introduction, the (unnormalized) completely noisy channel A : X 
Tr{X)I satisfies J(A) = /. It follows from Theorem |4] that there is a ball of LOSR operations centred at 
the (normalized) completely noisy channel. In particular, letting d = dim(,Ai...m), this ball has radius ^ in 
Frobenius norm. 

Remark 4.2. The ball of Theorem |4] consists entirely of LOSE operations that are also LOSR operations. 
However, there seems to be no obvious way to obtain a bigger ball if such a ball is allowed to contain 
operations that are LOSE but not LOSR. Perhaps a more careful future investigation will uncover such a 
ball. 

Remark 4.3. The ball of Theorem|4]is contained within the product space Qi...m> which is a strict subspace 
of the space spanned by all quantum operations <I> : L(A'i.. m) 'L{Ai,,,m)- Why was attention restricted 
to this subspace? The answer is that there are no LOSE or LOSR operations A for which J(A) lies outside 
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Qi...m- In other words, Qi...m is the largest possible space in which to find a ball of LOSR operations. This 
fact follows from the discussion in Section [6l wherein it is shown that Qi...m is generated by the so-called 
no-signaling quantum operations. 

Of course, there exist quantum operations arbitrarily close to the completely noisy channel that are not 
no-signaling operations, much less LOSE or LOSR operations. This fact might seem to confuse the study 
of, say, the effects of noise on such operations because a completely general model of noise would allow for 
extremely tiny perturbations that nonetheless turn no-signaling operations into signaling operations. This 
confusion might even be exacerbated by the fact that separable quantum states, by contrast, are resilient to 
arbitrary noise: any conceivable physical perturbation of the completely mixed state is separable, so long 
as the perturbation has small enough magnitude. 

There is, of course, nothing unsettling about this picture. In any reasonable model of noise, perturbations 
to a LOSE or LOSR operation occur only on the local operations performed by the parties involved, or 
perhaps on the state they share. It is easy to see that realistic perturbations such as these always maintain the 
no-signaling property of these operations. Moreover, any noise not of this form could, for example, bestow 
faster-than-light communication upon spatially separated parties. 

4 Recognizing LOSE Operations is NP-hard 

In this section the existence of the ball of LOSR operations around the completely noisy channel is employed 
to prove that the weak membership problem for LOSE operations is strongly NP-hard. Informally, the weak 
membership problem asks, 

"Given a description of a quantum operation A and an accuracy parameter e, is A within distance 
e of a LOSE operation?" 

This result is achieved in several stages. Section |4TT] reviews a relevant recent result of Kempe et al. 
pertaining to quantum games. In Section |4!2] this result is exploited in order to prove that the weak validity 
problem — a relative of the weak membership problem — is strongly NP-hard for LOSE operations. Finally, 
Section 1431 illustrates how the strong NP-hardness of the weak membership problem for LOSE operations 
follows from a Gurvits-Gharibian-style application of Liu's version of the Yudin-Nemirovskii Theorem. It is 
also noted that similar NP-hardness results hold trivially for LOSR operations, due to the fact that separable 
quantum states arise as a special case of LOSR operations in which the input space is empty. 

4.1 Co- Operative Quantum Games with Shared Entanglement 

Local operations with shared entanglement have been studied in the context of two-player co-operative 
games. In these games, a referee prepares a question for each player and the players each respond to the 
referee with an answer. The referee evaluates these answers and declares that the players have jointly won 
or lost the game according to this evaluation. The goal of the players, then, is to coordinate their answers so 
as to maximize the probability with which the referee declares them to be winners. In a quantum game the 
questions and answers are quantum states. 

In order to differentiate this model from a one-player game, the players are not permitted to communi- 
cate with each other after the referee has sent his questions. The players can, however, meet prior to the 
commencement of the game in order to agree on a strategy. In a quantum game the players might also 
prepare a shared entangled quantum state so as to enhance the coordination of their answers to the referee. 

More formally, a quantum game G = (g, vr, R, V) is specified by: 
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• A positive integer q denoting the number of distinct questions. 

• A probability distribution tt on the question indices {1, . . . , g}, according to which the referee selects 
his questions. 

• Complex Euclidean spaces V,Xi,X2,Ai,A2 corresponding to the different quantum systems used 
by the referee and players. 

• A set R of quantum states R = {/5i}i^=i ^ H+(V (E) X2). These states correspond to questions 
and are selected by the referee according to vr. 

• A set V of unitary operators V = {V^}^^^ C L(V ® A\® ^2)- These unitaries are used by the 
referee to evaluate the players' answers. 

For convenience, the two players are called Mice and Boh. The game is played as follows. The referee 
samples i according to vr and prepares the state pi G R, which is placed in the three quantum registers 
corresponding \.oV ® X\® This state contains the questions to be sent to the players: the portion of pi 
corresponding to X\ is sent to Alice, the portion of pi corresponding to X2 is sent to Bob, and the portion of 
Pi corresponding to V is kept by the referee as a private workspace. In reply, Alice sends a quantum register 
corresponding to ^1 to the referee, as does Bob to A2- The referee then applies the unitary operation 
S V to the three quantum registers corresponding XaV ® A\® A2, followed by a standard measurement 
{Haccepti nrcjcct} that dictates the result of the game. 

As mentioned at the beginning of this subsection, Alice and Bob may not communicate once the game 
commences. But they may meet prior to the commencement of the game in order prepare a shared entangled 
quantum state a. Upon receiving the question register corresponding to X\ from the referee, Alice may 
perform any physically realizable quantum operation upon that register and upon her portion of a. The result 
of this operation shall be contained in the quantum register corresponding to A\ — this is the answer that 
Ahce sends to the referee. Bob follows a similar procedure to obtain his own answer register corresponding 
to^2- 

For any game G, the value uj{G) of G is the supremum of the probability with which the referee can be 
made to accept taken over all strategies of Alice and Bob. 

Theorem 5 (Kempe et al. llKKM+07ll '). There is a fixed polynomial p such that the following promise 
problem is NP-hard under mapping (Karp) reductions: 

Input. A quantum game G = (q, vr, R, V). The distribution vr and the sets R, V are each given explicitly: 
for each i = 1, . . . ,q, the probability vr(i) is given in binary, as are the real and complex parts of 
each entry of the matrices pi and Vi. 

Yes. The value uj{G) of the game G is 1. 

No. The value u>{G) of the game G is less than 1 — ^j^. 

4.2 Strategies and Weak Validity 

Viewing the two players as a single entity, a quantum game may be seen as a two-message quantum inter- 
action between the referee and the players — a message from the referee to the players, followed by a reply 
from the players to the referee. The actions of the referee during such an interaction are completely specified 
by the parameters of the game. 
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In the language of Ref. IIGW07II . the game specifies a two-turn measuring strategy for the refereeo This 
strategy has a Choi-Jamiolkowski representation given by some positive semidefinite operators 

-Raccept , -Rrejcct G H''"(^i...2 CS> <^1...2), 

which are easily computed given the parameters of the game. 

In these games, the players implement a one-turn non-measuring strategy compatible with {-Raccept > ^reject}- 
The Choi-Jamiolkowski representation of this strategy is given by a positive semidefinite operator 

PgH+(^i...2® A-i.^a). 

For any fixed strategy P for the players, the probability with which they cause the referee to accept is given 
by the inner product 

Pr [Players win with strategy P] = (i?accopt, i^)- 

In any game, the players combine to implement some physical operation A : L(Afi,,.2) — > L(^i .2)- 
It is clear that a given super-operator A denotes a legal strategy for the players if and only if A is a LOSE 
operation. For the special case of one-turn non-measuring strategies — such as that of the players — the Choi- 
Jamiolkowski representation of such a strategy is given by the simple formula P = J(A). 

Thus, the problem studied by Kempe et al. [ KKM+OTll of deciding whether ijj{G) = 1 can be reduced 
via the formalism of strategies to an optimization problem over the set of LOSE operations: 

Uj{G) = sup {(i?accopt, -/(A))} . 
A e LOSE 

The following theorem is thus proved. 

Theorem 6. The weak validity problem for the set of LOSE [LOSR] operations is strongly NP-hard [NP- 
complete] under mapping (Karp) reductions: 

Input. A Hermitian matrix R, a real number 7, and a positive real number e > 0. The number 7 is given 
explicitly in binary, as are the real and complex parts of each entry of R. The number e is given in 
unary, where 1'^ denotes e = 1/ s. 

Yes. There exists a LOSE [LOSR] operation A such that {R, J (A)) > 7 + e. 

No. For every LOSE [LOSR] operation A we have {R, J(A)) < 7 — e. 

Remark 6.1. The hardness result for LOSR operations follows from a simple reduction from separable 
quantum states to LOSR operations: every separable state may be written as a LOSR operation in which 
the input space has dimension one. That weak validity for LOSR operations is in NP (and is therefore NP- 
complete) follows from the fact that all LOSR operations may be implemented with polynomially-bounded 
shared randomness. 

^ Actually, the game specifies a one-turn measuring co-strategy for the referee. But this co-strategy can be re-written as a two- 
turn measuring strategy by a careful choice of input and output spaces. These terminological details are not important to purpose 
of this paper. 
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4.3 The Yudin-Nemirovskii Theorem and Weak Membership 

Having established that the weak validity problem for LOSE operations is strongly NP-hard, the next step is 
to follow the leads of Gurvits and Gharibian IIGur02[ IGhaOSl and apply Liu's version MLiuOTII of the Yudin- 
Nemirovskii Theorem IIYN76[ IGLS88II in order to prove that the weak membership problem for LOSE 
operations is also strongly NP-hard. 

The Yudin-Nemirovskii Theorem establishes an oracle-polynomial-time reduction from the weak valid- 
ity problem to the weak membership problem for any convex set C that satisfies certain basic conditions. 
One consequence of this theorem is that if the weak validity problem for C is NP-hard then the associated 
weak membership problem for C is also NP-hard. Although hardness under mapping reductions is pre- 
ferred, any hardness result derived from the Yudin-Nemirovskii Theorem in this way is only guaranteed to 
hold under more inclusive oracle reductions. 

The basic conditions that must be met by the set C in order for the Yudin-Nemirovskii Theorem to apply 
are (i) C is bounded, (ii) C contains a ball, and (iii) the size of the bound and the ball are polynomially 
related to the dimension of the vector space containing C. It is simple to check these criteria against the 
set of LOSE operations. For condition (i), an explicit bound is implied by the following proposition. The 
remaining conditions then follow from Theorem HI 

Proposition 7. For any quantum operation <I> : L(A') L(-4) it holds that \\ J($) Utt = dim(A'). 

Here ||X||Tr = Tr(\/ X*X) denotes the standard trace norm for operators. Proposition |7] implies a 
bound in terms of the Frobenius norm via the inequality ||X||f < ||X||Tr- 

Proof of Proposition^ It follows from the definition of the Choi-Jamiolkowski representation that 

Aira(X) 

J{<^) = {(^®lx){vv*) for i; = ^ CjOej 

i=l 

where {ei, . . . ,edim(A')} denotes the standard basis of X. As J{^) is positive semidefinite, it holds that 
||J($)||rpj. = Tr(J($)). As <I> is trace-preserving, it holds that Tr(J($)) = v* v = d\m.{X) . □ 

The following theorem is now proved. (As in Remark 16. 1[ the analogous result for LOSR operations 
follows from a straightforward reduction from separable quantum states.) 

Tlieorem 8. The weak membership problem for the set of LOSE [LOSR] operations is strongly NP-hard 
[NP-complete] under oracle (Cook) reductions: 

Input. A Hermitian matrix X S Qi...m and a positive real number e > 0. The real and complex parts 
of each entry of X are given explicitly in binary. The number e is given in unary, where 1* denotes 
£ = 1/s. 

Yes. X = J (A) for some LOSE [LOSR] operation A. 

No. II X - J(A) II > efor every LOSE [LOSR] operation A. 
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5 Characterizations of Local Quantum Operations 



Characterizations of LOSE and LOSR operations are presented in this section. These characterizations are 
reminiscent of the well-known characterizations of bipartite and multipartite separable quantum states due 
to Horodecki et al. IIHHH96[|HHH01i . Specifically, it is proven in Section [O that A is a LOSR operation 
if and only if ip{J{K)) > whenever the linear functional ip is positive on the cone of (Qi; . . . ; Qm)- 
separable operators. This characterization of LOSR operations is a straightforward application of the funda- 
mental Separation Theorems of convex analysis. (See, for example, Rockafellar IIRoc70ll for proofs of these 
theorems.) 

More interesting is the characterization of LOSE operations presented in Section 15. 2t A is a LOSE 
operation if and only if J(A)) > whenever the linear functional is completely positive on that same 
cone of (Qi; . . . ; Qm)- separable operators. Prior to the present work, the notion of complete positivity was 
only ever considered in the context wherein the underlying cone is the positive semidefinite cone. Indeed, 
what it even means for a super-operator or functional to be "completely" positive on some cone other than 
the positive semidefinite cone must be clarified before for any nontrivial discussion can occur. 

The results of this section do not rely upon the results in previous sections, though much of the notation 
of those sections is employed here. To that notation we add the following. For any operator X, its transpose 

and complex conjugate X are always taken with respect to the standard basis. 



5.1 Characterization of Local Operations with Shared Randomness 

The characterization of LOSR operations presented herein is an immediate corollary of the following simple 
proposition. 

Proposition 9. Let K C M" be any closed convex cone. A vector x G M" is an element of K if and only if 
ip{x) > 0/or every linear functional ip : M"' M that is positive on K. 

Proof. The "only if" part of the proposition is immediate: as x is in K, any linear functional positive on K 
must also be positive on x. For the "if" part of the proposition, suppose that x is not an element of K. The 
Separation Theorems from convex analysis imply that there exists a vector h e M" such that {h, y) > for 
all y ^ K, yet (/i, x) < 0. Let p : M" ^ M be the linear functional given hy ip : z ^ {h, z) . It is clear that 
ip is positive on K, yet p{x) < 0. □ 

Corollary 9.1 (Characterization of LOSR operations). A quantum operation A : L(A'i...m) 'L{Ai,,,m) i^ 
an m-party LOSR operation if and only if ip{J (A)) > for every linear functional ip : 'L'(Ai,„m'^^i...m) — *■ 
C that is positive on the cone o/(Qi; . . . ; Q,m)-separable operators. 

Proof. In order to apply Proposition |9j it suffices to note the following: 

• The space 'H.{Ai,,,m ^ ^i...m) is isomorphic to M" for n = dim(^i...m (g) A^i...^,)^- 

• The (Qi; . . . ; Qm)-separable operators form a closed convex cone within 'H.{Ai...m ^ ^^i...™)- 

While Proposition |9]only gives the desired result for real linear functional (p : il{Ai,,,m^'^i...m) — ^ 
it is trivial to construct a complex extension functional (p' : Ij{Ai,,,m ® ^^i...™) C that agrees with ip on 

il{Al...m'^Xl...m)- □ 
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5.2 Characterization of Local Operations with Shared Entanglement 

Notation for Theorem 10. For each i = 1, . . . , m and each complex Euclidean space £i, let Qj(<Sj) C 
il{Ai Xi £i) denote the subspace of operators J(^) for which ^ : L(^j £i) — > 'L{Ai) is a trace- 
preserving super-operator, or a scalar multiple thereof. 

Theorem 10 (Characterization of LOSE operations). A quantum operation K : L(A'i...m) — > 'L{Ai„,m) an 
m-party LOSE operation if and only if{p{J{A)) > for every linear functional ip : ^{^A\,„rn®'^\...rri) ~^ C 
with the property that the super-operator ((/? ® is positive on the cone of (Qi(<Si); . . . ; Qml-fm))- 

separable operators for all choices of complex Euclidean spaces £i, . . . , Era- 

Remark 10.1. The positivity condition of Theorem [10] bears striking resemblance to the familiar notion 
of complete positivity of a super-operator. With this resemblance in mind, a linear functional Lp obeying 
the positivity condition of Theorem [TOl is said to be completely positive on the (Qi(<Si); . . . ; Qm('fm))- 
separable family of cones. In this sense. Theorem [TO]represents what seems, to the knowledge of the author, 
to be the first application of the notion of complete positivity to a family of cones other than the positive 
semidefinite family. 

Moreover, for any fixed choice of complex Euclidean spaces <f i , . . . , Em there exists a linear functional 
(p for which {ip ® l^^ ^) is positive on the cone of (Qi(<?i); . . . ; QmC-fm)) -separable operators, and yet ip 
is not completely positive on this family of cones. This curious property is a consequence of the fact the 
set of LOSE operations with finite entanglement is not a closed set. By contrast, complete positivity (in the 
traditional sense) of a super-operator <I> : L(A') L("4) is assured whenever ($ (gi \z) is positive for a 
space Z with dimension at least that of X. (See, for example, Bhatia llBha07il for a proof of this fact.) 

The proof of Theorem [TO] employs the following helpful identity involving the Choi-Jamiotkowski rep- 
resentation for super-operators. This identity may be verified by straightforward calculation. 

Proposition 11. Let : Jj{X®E) L(^) and let Z e L(iS). Then the super-operator A : L(A') L(^) 
defined by K{X) = ^'(X ® Z)for all X satisfies J(A) = Tr^ ( [Ia®x ® Z'^] J(^')) . 

The following technical lemma is also employed in the proof of Theorem [TOl 

Lemma 12. Lef^ : 'L{X®E) L(^), let Z G L((?), and let ip : Ij{A0X) C. Then the super-operator 
A : L(A') L(,A) defined by A{X) = ^ {X (gi Z)for all X satisfies 

ip{J{K)) = {Z,{p,®le)[jm). 

Proof. Let H be the unique operator satisfying ¥?(X) = {H, X) for all X and note that the adjoint ip* : 
C L(^ ® X) satisfies ip*{l) = H. Then 

(Z, ® le) ( J(^))) = ((^*(1) ® Z, J(^)> = {H0Z, J{^)) 



Ia^x<^Z^] J(^))) =(^(J(A)). 

□ 



Proof of Theorem ITOl For the "only if" part of the theorem, let A be any LOSE operation with finite entan- 
glement and let ^1, ... , "i>m, cr be such that A : X h->- (^f^ .m) {X ® a). Let (p be any linear functional on 
L(^i...m ^ '^i...m) that satisfies the stated positivity condition. Lemma [12] implies 

ip{J{A)) = {a, [ip ® U,,„J ( J(*i...™))) > 0. 



17 



A standard continuity argument establishes the desired implication when A is a finitely approximable LOSE 
operation. 

For the "if" part of the theorem, suppose that H : L(A'i...m) Ij{Ai,,,m) is a quantum operation that 
is not a LOSE operation. The Separation Theorems from convex analysis imply that there is a Hermitian 
operator H £ il{Ai...m O <^i...m) such that {H, J(A)) > for all LOSE operations A, yet {H, J{E)) < 0. 
Let (p : Ij{Ai,,,m ® 'Vi...m) ^ C be the linear functional given by ip : X i-^ {H, X). 

It remains to verify that 99 satisfies the desired positivity condition. Toward that end, let <5i , . . . , £m be ar- 
bitrary complex Euclidean spaces. By convexity, it suffices to consider only those (Qi(<Si); . . . ; Qm('fm))- 
separable operators that are product operators. Choose any such operator and note that, up to a scalar 
multiple, it has the form J{^i...m) where each 'fj : 'L{Xi (53 £%) — > L(^i) is a quantum operation. The 
operator 

is positive semidefinite if and only if it has a nonnegative inner product with every density operator in 
H+(<Si...m)- As a ranges over all such operators, so does a. Moreover, every such a — together with 
^1, . . . , — induces a LOSE operation A defined by A : X 1-^ (^i...m) {X (t). Lemma [12] and the 
choice of p imply 

< p{J{A)) = {a, {p ^ le,,„J {J{^i...m))) , 
and so if satisfies the desired positivity condition. □ 

6 No-Signaling Operations 

It was claimed in Remark 1431 of Section [3] that the product space Qi...m is spanned by Choi-Jamiolkowski 
representations of no-signaling operations. It appears as though this fact has yet to be noted explicitly in 
the literature, so a proof is offered in this section. More accurately, two characterizations of no-signaling 
operations are presented in Section 16.21 each of which is expressed as a condition on Choi-Jamiotkowski 
representations of super-operators. The claim of Remark l43] then follows immediately from these character- 
izations. Finally, Section [63] provides an example of a so-called separable no-signaling operation that is not 
a LOSE operation, thus ruling out an easy "short cut" to the ball of LOSR operations revealed in Theorem 

SI 

6.1 Formal Definition of a No-Signaling Operation 

Intuitively, a quantum operation A is no-signaling if it cannot be used by spatially separated parties to violate 
relativistic causality. Put another way, an operation A jointly implemented by several parties is no-signaling 
if those parties cannot use A as a "black box" to communicate with one another. 

In order to facilitate a formal definition for no-signaling operations, the shorthand notation for Kro- 
necker products from Section [2] must be extended: if K C {1,... ,m} is an arbitrary index set with 
K = {ki, . . . , kn} then we write 

with the convention that = C. As before, a similar notation also applies to operators, sets of operators, 
and super-operators. The notation K refers to the set of indices not in K, so that K,K is a partition of 
{1, . . . ,m}. 

Formally then, a quantum operation A : L(A'i...m) — > Ij{Ai,,,m) is an m-party no-signaling operation if 
for each index set ii' C {1, . . . ,m,} we have Tr^^(A(p)) = Tr_4^(A(cj)) whenever Tr;(^^ (/>) = Ty:xi^{(y)- 



18 



What follows is a brief argument that this condition captures the meaning of a no-signaling operation — a 
more detailed discussion of this condition can be found in Beckman et al. MBGNPOl l. If A is no-signaling 
and p, a are locally indistinguishable to a coalition K of parties (for example, when Tr;\^_(p) = Tr^_(cj)) 
then clearly the members of K cannot perform a measurement on their portion of the output that might allow 
them to distinguish K{p) from A((t) (that is, Tr^_(A(p)) = Tr^_(A(cj))). For otherwise, the coalition K 
would have extracted information — a signal — that would allow it to distinguish p from a. 

Conversely, if there exist input states p, cj such that Ttx-j^{p) = Tr^_(cj) and yet Tr_4_(A(p)) / 
Tr^_(A(cr)) then there exists a measurement that allows the coalition K to distinguish these two output 
states with nonzero bias, which impUes that signaling must have occurred. 

It is not hard to see that every LOSE operation is also a no-signaling operation. Conversely, much has 
been made of the fact that there exist no-signaling operations that are not LOSE operations — this is so-called 
"super-strong" nonlocality, exemplified by the popular "nonlocal box" discussed in Section [631 

6.2 Two Characterizations of No- Signaling Operations 

In this section it is shown that the product space Qi...,n is spanned by Choi-Jamiolkowski representations of 
no-signaling operations. (Recall that each Qj C H(^j Xi) denotes the subspace of Hermitian operators 
J(<I>) for which <I> : L(^%'j) L(^j) is a trace-preserving super-operator, or a scalar multiple thereof.) 
Indeed, that fact is a corollary of the following characterizations of no-signaling operations. 

Theorem 13 (Two characterizations of no-signaling operations). Let A : L(A'i,, — > ^{Ai,,,m) be a 
quantum operation. The following are equivalent: 

1. A is a no-signaling operation. 

2. J(A) is an element of 

3. For each index set K C {1, . . . ,m} there exists an operator Q € H+(^-^(8)A'-^) w/f/iTr_4^(J(A)) = 

Remark 13.1. Membership in the set of no-signaling operations may be verified in polynomial time by 
checking the linear constraints in Item |3] of Theorem [13] While the number of such constraints grows 
exponentially with m, this exponential growth is not a problem because the number of parties m is always 
O(logn) for n = dim(Qi.. ,„). (This logarithmic bound follows from the fact that each space Qj has 
dimension at least two and the total dimension n is the product of the dimensions of each of the m different 
spaces.) 

The partial trace condition of Item[3]of Theorem[T3]is quite plainly suggested by Ref. ||GW07[ Theorem 
6]. Moreover, essential components of the proofs presented for two of the three implications claimed in The- 
orem [13] appear in a 2001 paper of Beckman et al. liBGNPOlil . The following theorem, however, establishes 
the third implication and appears to be new. 

Theorem 14. A Hermitian operator X £ H(^i ^ Cgi Xi^) in Qi...m if and only if for each index set 
X C {1, . . . , m} there exists a Hermitian operator Q £ 'H.{A-j^ (X" X-j^) with Tr_4^ (X) = Q Ixk ■ 

Proof. The "only if" portion of the theorem is straightforward — only the "if" portion is proven here. The 
proof proceeds by induction on m. The base case m = 1 is trivial. Proceeding directly to the general case, 
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let s = dim(H(^m_|_i Xm+i)) and let {£^1, . . . , Eg} be a. basis of H(^m+i ^ '^m+i)- Let Xi, . . . , Xs S 
H(^i...m, Xi...m) be the unique operators satisfying 

s 

i=i 

It shall be proven that Xi, . . . , Xs S Qi...m- The intuitive idea is to exploit the linear independence of 
El, Es in order to "peel off" individual product terms in the decomposition of X. 

Toward that end, for each fixed index j G {I, s} let Hj be a. Hermitian operator for which the real 
number {Hj, Ei) is nonzero only when i = j. Define a linear functional ipj : E \—>- {Hj,E) and note that 

s 

(1^1...^®^!...™ ® Vj) (X) = Y,Vj{E^)Xi = ^j{Ej)X.j. 

i=l 

Fix an arbitrary partition K, K of the index set {1, ... , m}. By assumption, Tr^^^ {X) = Ixj^ for some 
Hermitian operator Q. Apply Tr^^, to both sides of the above identity, then use the fact that Tr^^^, and (pj 
act upon different spaces to obtain 

from which it follows that Tr_4j^, (Xj) is a product operator of the form R^Ix^ for some Hermitian operator 
R. As this identity holds for all index sets K, it follows from the induction hypothesis that Xj € Qi...m as 
desired. 

Now, choose a maximal linearly independent subset {Xi, . . . , Xt\ of {Xi, . . . , Xg} and let Yi, . . . , 
be the unique Hermitian operators satisfying 

t 

X = Y,X^®Yi. 

1=1 

A similar argument shows li, . . . , 1^ G Qm+i, which completes the induction. □ 

Proof of Theorem\T3l Item |3] implies item|2l This implication follows immediately from Theorem [T4l 

Item |2] implies item[ll The proof of this implication borrows heavily from the proof of Theorem 2 in Beck- 
man efaZ. IIBGNPOTTl . 

Fix any partition K, K of the index set {!,..., m}. Let s = dim(L(^%'-j^)) and t = dim(L(Aj^)) and 
let {pi, . . . , ps} and {cJi, . . . , at] be bases of L(A'^) and ^^{Xk), respectively, that consist entirely 
of density operators. Given any two operators X,Y ^ L(A:'i...m) let Xj^k,yj,k € C be the unique 
coefficients of X and Y respectively in the product basis {pj crk}- Then Tr^KiX) = Ttxj^^{Y) 
implies 

t t 

k=l k=l 
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for each fixed index j = 1, . . . ,s. 

As J(A) G Qi...m. it is possible to write 



1=1 



where n is a positive integer and <I>j ; : L(A'j) — > L(^j) satisfies J(<&i,i) € Qj for each of the indices 
i = 1, . . . , m and / = 1, . . . , n. In particular, as each <I>j ; is (a scalar multiple of) a trace-preserving 
super-operator, it holds that for each index / = 1, . . . , n there exists a; G M with Tr($i^ ;(cj)) = ai 
for all density operators a. Then 



1=1 



1=1 



.fc=l 
■ t 

.k=l 



as desired. 



Item [J implies item|3l This implication is essentially a multi-party generalization of Theorem 8 in Beck- 
man et al. [.BGNPOI J . The proof presented here differs from theirs in some interesting but non-critical 
details. 

Fix any partition K, K of the index set {1, . . . , m}. To begin, observe that 

for all operators X, y G L(A'i . .„) — not just density operators. (This observation follows from the 
fact that L(^i...m) is spanned by the density operators — a fact used in the above proof that item|2] 
implies item[T]) 

Now, let s = dim{X-^) and t = dim(Ai<-) and let {ei, . . . , e^} and {/i, . . . , ft} be the standard 
bases of X-j^ and respectively. If c and d are distinct indices in {1, . . . , t} and Z S L(A'-j^) is any 
operator then 

Tr;,,(^ ® fcfd) = Z® Tr(/J,*) = = Tr;,^ (0;,,..,J 

and hence 

Tr^^ (A (Z ® = Tr^K (A (0^,_)) = Tr^^ (0^,..„J = 0^_. 

(Here a natural notation for the zero operator was used implicitly.) Similarly, if /) G L(A'i^) is any 
density operator then 

Tr^,, (A {Z ® fj*)) = Tr^^ (A {Z ® p)) 
for each fixed index c = 1, . . . ,t. Employing these two identities, one obtains 

s t 

Tr^^ ( J(A)) =Y.Y. ^'^K ® f-fc)) ® [eael /c/*] 



a,b=l c=l 
s 



Tr^K (A (eaCfo p)) ® eacl 

a,b=l 



.c=l 
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where the quantum operation ^ is defined by ^ : X h-^ Tr^j^(A {X p)). As J(^') Ixk ^ 
product operator of the desired form, the proof that item [T] implies item [3] is complete. 

□ 

6.3 A Separable No-Signaling Operation that is Not a LOSE Operation 

One of the goals of the present work is to establish a ball of LOSR operations around the completely noisy 
channel. As such, it is prudent to consider the possibility of a short cut. Toward that end, suppose A : L(A'i (gi 
X2) L(^i (g) A2) is a quantum operation for which the operator J(A) is (H(^i Xi); H(^2 ® ^2))- 
separable. Quantum operations with separable Choi-Jamiolkowski representations such as this are called 
separable operations |Rai97|. If an operation is both separable and no-signaling then must it always be a 
LOSE operation, or even a LOSR operation? An affirmative answer to this question would open a relatively 
simple path to the goal by permitting the use of existing knowledge of separable balls around the identity 
operator. 

Alas, such a short cut is not to be had: there exist no-signaling operations A that are not LOSE operations, 
yet J(A) is separable. One example of such an operation is the so-called "nonlocal box" discovered in 
1994 by Popescu and Rohrlich |PR94]. This nonlocal box is easily formalized as a two-party no-signaling 
quantum operation A, as in Ref. liBGNPOL Section V.B]. That formalization is reproduced here. 

Let Xi = X2 = Ai = A2 = C^, let {eo, ei} denote the standard bases of both Xi and ^1, and let 
{/o, /i} denote the standard bases of both X2 and A2- Write 

Pab = CaC* ® fbfb 

for a, 6 G {0, 1}. The nonlocal box A : L(A'i...2) L(^i. 2) is defined by 

{poo,Poi,Pio} ^ ^ [poo + Pll] 
pn ^ ^ [poi + Pio] ■ 

Operators not in span{/9oO) Poi) PiO; Pii} are annihilated by A. It is routine to verify that A is a no-signaling 
operation, and this operation A is known not to be a LOSE operation IIPR94II . To see that J(A) is separable, 
write 

^a-*b = e-he^ 

rp <M J, J.* 

^ a^b JbJa 

for a, 6 G {0, 1}. Then for all X G L(A'i...2) it holds that 
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from which the (H(^i Xi); H(^2 53 ^^2)) -separability of J(A) follows. It is interesting to note that the 
nonlocal box is the smallest possible nontrivial example of such an operation — the number of parties m = 2 
and the input spaces Xi , X2 and output spaces ^1 , A2 all have dimension two. 
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7 Open Problems 

Several interesting open problems are suggested by the present work: 

Bigger ball of LOSE or LOSR operations. The size of the ball of (unnormalized) LOSR operations es- 
tablished in Theorem |4] scales as 17 (2^'"n^^/^) . While the exponential dependence on the number of 
parties m seems unavoidable, might it be possible to improve the exponent from — m to —m/2, as is 
the case with separable quantum states IIGB03I ? Can the exponent on the dimension n be improved? 

As mentioned in Remark l4!2l it is not clear that there is a ball of LOSE operations that strictly contains 
any ball of LOSR operations. Does such a larger ball exist? 

Completely positive super-operators. As noted in Remark flO-li the characterization of LOSE operations 
is interesting because it involves linear functionals that are not just positive, but "completely" positive 
on the family of (Qi(<Si); . . . ; Qm(<?m)) -separable cones. 

Apparently, the study of completely positive super-operators has until now been strictly limited to 
the context of positive semidefinite input cones. Any question that may be asked of conventional 
completely positive super-operators might also be asked of this new class of completely positive 
super-operators. 

Entanglement required for approximating LOSE operations. It was mentioned in the introduction that 
there exist LOSE operations that cannot be implemented with any finite amount of shared entangle- 
ment IILTW08I . The natural question, then, is how much entanglement is necessary to achieve an 
arbitrarily close approximation to such an operation? 

The present author conjectures that for every two-party LOSE operation A there exists an e-approximation 
A' of A in which the dimension of the shared entangled state scales as 0(2^ "n^) for some positive 
constants a and b and some appropriate notion of e-approximation. Here n = dim (Qi,..m) is the 
dimension of the space in which J(A) lies. 

Evidence in favor of this conjecture can be found in Refs. nCHTWCMilRRTOSilLTWOSl . Moreover, the 
example in Ref. IILTW08I strongly suggests that the exponential dependence on 1/e is unavoidable. 
The pressing open question is whether the polynomial dependence on n holds for the general case. At 
the moment, no upper bound at all is known for this general class of two-party LOSE operations. 

Acknowledgements 

The author is grateful to Marco Piani and Stephanie Wehner for pointers to relevant literature, and to John 
Watrous for invaluable guidance. This research was supported by graduate scholarships from Canada's 
NSERC and the University of Waterloo. 

References 

[ALM+98] S. Arora, C. Lund, R. Motwani, M. Sudan, and M. Szegedy. Proof verification and the hardness 
of approximation problems. Journal of the ACM, AS^iy.SOl-SSS, 1998. 

[AS98] S. Arora and S. Safra. Probabilistic checking of proofs: a new characterization of NP. Journal 
of the ACM, 45{iyJ0-\22, 1998. 



23 



[BGNPOl] D. Beckman, D. Gottesman, M. Nielsen, and J. Preskill. Causal and localizable quantum oper- 
ations. Physical Review A, 64(5):052309, 2001. arXiv:quant-ph/0102043jv2. 

[BhaOV] R. Bhatia. Positive Definite Matrices. Princeton University Press, 2007. 

[CGJ07] R. Cleve, D. Gavinsky, and R. Jain. Entanglement-resistant two-prover interactive proof sys- 
tems and non-adaptive private information retrieval systems, 2007. larXiv: 0707 . 1 729 \ f 1 [quant- 
ph]. 

[CHTW04] R. Cleve, P. H0yer, B. Toner, and J. Watrous. Consequences and limits of nonlocal strategies. 

In Proceedings of the 19th Annual Conference on Computational Complexity, pages 236-249, 
2004. arXiv:quant-ph/0404076 V 1 . 

[CSUU07] R. Cleve, W. Slofstra, F. Unger, and S. Upadhyay. Strong parallel repetition theorem for quan- 
tum XOR proof systems. In Proceedings of the 22nd Annual Conference on Computational 
Complexity, pages 109-114, 2007. arXiv:quant-ph/0608146vl. 

[DLTW08] Andrew Doherty, Yeong-Cherng Liang, Ben Toner, and Stephanie Wehner. The quantum mo- 
ment problem and bounds on entangled multi-prover games. In Proceedings of the 23rd Annual 
IEEE Conference on Computational Complexity, pages 199-210, 2008. larXiv:0803.4373V I 
[quant-ph]. 



[ESW02] 

[GB02] 

[GB03] 

[GB05] 

[Gha08] 

[GLS88] 

[Gur02] 

[GW07] 

[HHH96] 



T. Eggeling, D. Schlingemann, and R. Werner. Semicausal operations are semilocalizable. 
Europhysics Letters, 57(6):782-788, 2002. 

L. Gurvits and H. Barnum. Largest separable balls around the maximally mixed bipartite quan- 
tum state. Physical Review A, 66{6y.0611>l\, 2002. arXiv:quant-ph/0204159v2. 

L. Gurvits and H. Barnum. Separable balls around the maximally mixed multipartite quantum 
states. Physical Review A, 68(4):042312, 2003. arXiv:quant-ph/0302102vl. 

L. Gurvits and H. Barnum. Better bound on the exponent of the radius of the multipartite 
separable ball. Physical Review A,!!:^^^!!, 2005. arXiv^quant-ph/0409095 v4. 

Sevag Gharibian. Strong NP-hardness of the quantum separability problem, 2008. 
[arXivi08ia4507]v2 [quant-ph]. 

M. Grotschel, L. Lovasz, and A. Schrijver. Geometric Algorithms and Combinatorial Opti- 
mization. Springer, 1988. 

L. Gurvits. Quantum matching theory (with new complexity theoretic, combinatorial and topo- 



logical insights on the nature of quantum entanglement), 2002. arXiv:quant-ph/0201022 v2 



G. Gutoski and J. Watrous. Toward a general theory of quantum games. In Pro- 
ceedings of the 39th ACM Symposium on Theory of Computing, pages 565-574, 2007. 
larXiv :quant-ph/06 1 1 234 y 2. 

M. Horodecki, P. Horodecki, and R. Horodecki. Separability of mixed states: necessary and 
sufficient conditions. Physical Letters A, 223:1-8, 1996. a rXiv : quant-ph/960503 8 y 2 . 



24 



[HHHOl] 



M. Horodecki, P. Horodecki, and R. Horodecki. Separability of n-particle mixed states: nec- 
essary and sufficient conditions in terms of linear maps. Physical Letters A, 283:1-7, 2001. 
.arXiv :quant-py000607 1 v 1 . 



[Hil05] R. Hildebrand. Cones of ball-ball separable elements, 2005. |arXiv: q uant-ph /0503 1 94^ 1 . 

[KKM+07] J. Kempe, H. Kobayashi, K. Matsumoto, B. Toner, and T. Vidick. Entangled games are hard to 
approximate. arXi v:0704.2903,y 2 [quant-ph], 2007. 

[KKMV08] J. Kempe, H. Kobayashi, K. Matsumoto, and T. Vidick. Using entanglement in quantum multi- 
prover interactive proofs. In Proceedings of the 23rd Annual Conference on Computational 
Complexity, 2008. (to appear) arXiv:0710.0655 v2 [quant-ph]. 



[KM03] 

[KRT08] 

[Liu07] 

[LTW08] 

[NPA08] 

[PHHH06] 

[PR94] 

[Rai97] 

[Roc70] 
[Sza05] 

[Weh06] 
[YN76] 



H. Kobayashi and K. Matsumoto. Quantum multi-prover interactive proof systems with lim- 
ited prior entanglement. Journal of Computer and System Sciences, 66(3):429^50, 2003. 
larXiv:cs/01020T3V 5 [cs.CC]. 

Julia Kempe, Oded Regev, and Ben Toner. Unique games with entangled provers are easy. 
In Proceedings of the 49th Annual Symposium on Foundations of Computer Science, pages 
457-466, 2008. arXiv:07 10.0655 v2 [quant-ph]. 

Yi-Kai Liu. The Complexity of the Consistency and N -representability Problems for Quantum 
States. PhD thesis. University of California, San Diego, 2007. arXi v :07 1 2. 304 1 y 1 [quant-ph]. 

D. Leung, B. Toner, and J. Watrous. Coherent state exchange in multi-prover quantum interac- 
tive proof systems. arX iv:0804.4I18 vl [quant-ph], 2008. 

Miguel Navascues, Stefano Pironio, and Antonio Acin. A convergent hierarchy of semidefinite 
programs characterizing the set of quantum correlations. arXi v : 080 3 .4290 y 1 [quant-ph], 2008. 

M. Piani, M. Horodecki, P. Horodecki, and R. Horodecki. Properties of quantum non-signalling 
boxes. Physical Review A, 74:012305, 2006. arX iv:quant-ph/05051 10 yl. 

S. Popescu and D. Rohrlich. Quantum nonlocality as an axiom. Foundations of Physics, 
24(3):379-385, 1994. 



E. Rains. Entanglement purification via separable superoperators, 

arXiv:quant-ph79707002y 3. 



1997. 



R. T. Rockafellar. Convex Analysis. Princeton University Press, 1970. 

S. Szarek. The volume of separable states is super-doubly-exponentially small. Physical Review 
A, 72:032304, 2005. arXiv:quant-ph/0310061v2. 

S. Wehner. Entanglement in interactive proof systems with binary answers. In Proceedings of 
the 23rd Annual Symposium on Theoretical Aspects of Computer Science, volume 3884 of Lec- 
ture Notes in Computer Science, pages 162-171. Springer, 2006. ar Xiv:quant-ph/0508201 y 2. 

D. Yudin and A. Nemirovskii. Informational complexity and efficient methods for the solution 
of convex extremal problems. Ekonomika i Matematicheskie Metody, 12:357-369, 1976. In 
Russian. 



25 



